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We obtain a new kind of F(}^R, tp) modified gravity theory as an effective four-dimensional (4D) 
theory derived from f(^R) gravity in five dimensions (5D). This new theory exhibits a different 
matter coupling than the one in BBHL theory. We show that the field equations of the Wesson’s 
induced matter theory and of some braneworld scenarios can be obtained as maximally symmetric 
solutions of the f(^R) theory. We found criteria for the Dolgov-Kawasaki instabilities for both 
the /( (5 lR) and the F(^R,cp) theories. We demonstrate that under certain conditions imposed on 
the 5D geometry it is possible to interpret the F(^R, p) theory as a modified gravity theory with 
dynamical coefficients, making this new theory a viable candidate to address the present accelerating 
cosmic expansion issue. 
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I. INTRODUCTION 


The acceleration in the expansion of the universe 
observed since 1998 by the Supernova Cosmology 
Project [lj, has generated a great quantity of research in 
gravitation. In the quest of a satisfactory explanation of 
these phenomena, theoretical physicists have basically 
followed three lines of reasoning [2J. First they search for 
some new properties of standard gravity models capable 
to bring out an explanation. Second, they atribute the 
acceleration to a dark energy component of the universe. 
However, in view of the problems arising from this 
idea, related mainly with the nature and origin of dark 
energy, many other researchers resort to a third class 
of theories: modified gravity theories. We can find in 
the literature a plenty of proposals such as scalar-tensor 
theories S1, f(R) theories @, 1, DGP gravity Q, 
braneworld scenarios [M, induced matter theory 
.U-E3 and modified gravity with dynamical coefficients 
141 ]. among many others. 


During the last decade, f(R) theories have receive a 
great deal of attention because represent a possibility 
to address the cosmic accelerating expansion and dark 
matter issues [Tsj . In order to have a viable f(R) 
theory there is a minimal criterio, for instance, the 
theory must reproduce the cosmic dynamics in good 
agreement with observations and the theory must be free 
of instabilities. One very common in the matter sector is 
the Dolgov-Kawasaki instability |Ij| . The consideration 
of physically different instabilities yields remarkably 
similar stability conditions [l7j, HH • Ghosts instabilities 
may be also present EH- 


With the idea to have viable modified theories of 


gravity, generalizations of f(R) theories have been pro¬ 
posed [20]. One example of non-minimal f(R) gravity 
theories are those which exhibe couplings of the scalar 
curvature with matter, like the Bertolami, Bohmer, 
Harko and Lobo (BBHL) theory [U, [22j ■ In these 
kind of models a fifth force on massive particles appears 
causing changes in the acceleration law derived in the 
weak field limit of BBHL theory, in a similar manner 
than in the acceleration law in MOND models [23j . 

In this letter we derive a new effective coupled 
F(^R,ip) modified gravity theory from a five dimen¬ 
sional (5D) f(^R) theory of gravity, where the fifth 
extra coordinate is considered extended (non-compact). 
The letter is organized as follows. In section I we give a 
brief introduction. In section II we obtain the 5D field 
equations of the theory, together with a formulation of 
a criterion to avoid the Dolgov-Kawasaki instability in 
5D. In adition, we show how the field equations of some 
braneworld models and of the induced matter theory can 
be obtained as particular maximally symmetric solutions 
of the 5D theory. In section III we obtain the induced 
effective 4D field equations of the F(} 4 ^R,ip) theory and 
discuss its Dolgov-Kawasaki instability criterion. Some 
examples of how to induced a F(^R, ip) from its 5D ana¬ 
log f(^R) are also included in this section. Finally in 
section IV we give some final comments. In our conven¬ 
tions latin indices like a, b , c, etc. run from 0 to 4, latin 
indices like i,j, etc., run from 1 to 3 and greek indices 
take values from 0 to 3. 


II. DYNAMICAL ASPECTS OF 
/( ( 5 ) R)-GRAVITY 

Let us start considering a f(R) theory of gravity in five 
dimensions described by the action 


(5) s = ^T 5 J<?yV9 5 [f( {5) R) + £m(gab, VO 


( 1 ) 





2 


being n b the 5D gravitational coupling, the 5D Ricci 
scalar, C rn (g ab ,ijj) a lagrangian density for matter fields 
denoted by ijj and g b the determinant of the 5D metric 
tensor g ab . The field equations derived from the action 
0 in the metric formalism read 

fM i5) R) (5) Rab - \f{ {5) R)9ab 

- [V a v 5 - g ab (5) D] /,M (5) R) = K5 {5) T ab , (2) 

where T ab (ip) is the energy-momentum tensor for 
matter sources, V Q is the 5D covariant derivative, 
(5)D = g ab X7 a X7 b is the 5D D’Alambertian operator and 
f.u is denoting derivative with respect to ^R. 

By taking the trace of the eq. 0 we obtain 

4 f,R + f, R ^R -\f = k 5 (5) T (3) 

with = g AB C 5 ) T ab being the trace of ^T ab . This 
equation will allow us to study some important aspects 
of the f(^R) theory, as it is usually done in common 
4D f(R) theories. 

Once we have the field equations of the f(} 5 R) theory, 
we are now in position to study its stability. 


A. Dolgov-Kawasaki instability in 5D 

In order to derive a Dolgov-Kawasaki instability cri¬ 
terion on this f{ lY,) R) gravity theory let us to use the 
parametrization 

f(^R)= ^R + ^R), (4) 

where 7 is a small parameter with [length]~ 2 units. This 
election of f(' 5 'R) means that we are considering devia¬ 
tions of the theory from 5D general relativity. Inserting 
© in (0) and evaluating the 5D D’Alambertian we ob¬ 
tain 


( 5 ) D ( 5 ) R+ ^V a( 5 ) AV a (5) R + 

k 5 WT 5C 
“ 4 7 A } + 8 C^T’ 


( 7 c (1) - I) {5) R 

4 7 £( 2 ) 

(5) 


| ^R/ (Ot| < 1 with T ^ 0. Thus, linearizing the 
equation ( 0 ) it leads to 

^R - V 2(5 ^! - ( 5) Ri - 2 ^ 5 ( 2) (3) {5) T {5) ih 
+ 2 ^| 3) v(5) T • + 2 ^) f3) ^T^R 

I 1 [A _ A 1 )] (5)0, _ 1 L K ( -- aA (Or 

+ 4 c^ [27 c j Hi - 4 c( 2 ) r V27 c ) 

+ ^C +K5 ( 5 ) T-k 5 V2( 5 )T-K5 ( 5 ) T, (7) 


where the dot denotes time derivative, the operator V 2 
is the 3D Laplacian operator and the star (*) indicates 
derivative with respect to the fifth extended extra 
dimension l. It can be easily seen from 0 that given the 
smallness of 7 the dominant contribution in the effective 
mass term (the coefficient of ^Ri) is 87 (A) an d hence, 
as occurs in the usual 4D case, the stability condition in 
5D continues being /.rr > 0. 


In braneworld scenarios sources of matter in 5D are 
usually regarded, even in some f(^R) braneworld mo¬ 
dels [24]. However, in theories like the induced matter 
approach of P.S. Wesson no matter in 5D is considered, 
so they assume a 5D vacuum. Thus, for these kind of 
cases we have that in the absense of matter or in the 
presence of traceless matter = 0 , the equation 0 
yields the linearized expression 


{5) r - Mr + ^ ^r\ - ^ ^r - v 2 ^r ± 


_^( V ^Ri) 2 -I-— 

£( 2)1 v + 4 £( 2 ) 


A _ 

27 


(5 lRi = 


5C 

8C (2) ' 
( 8 ) 


Again in the effective mass term the dominant contribu¬ 
tion comes from 87 A^, and thus the criterion to avoid 
a negative effective mass remains: f t RR > 0 , under the 
presence of traceless 5D matter sources. 


B. Field equations of both some braneworlds and 
induced matter theory as maximally symmetric 
solutions 


where A is denoting the higher derivative of order i with 
respect to ^R. We are also assuming that A^ / 0 to 
avoid the 5D general relativity case. Following a similar 
procedure to that employed in 0 , we will consider the 
weak field limit conditions 

gab = Vab + Hab, ( 5 ) i? = ~K 5 ^T + ^R U ( 6 ) 

where rj ab is the 5D Minkowsky metric, H ab is a 5D me¬ 
tric fluctuation tensor respect to the Minkowsky back¬ 
ground, is a first order perturbation to ^R and 


Maximally symmetric solutions are very common in 
f(R) theories of gravity. Due to the Jebsen-Birkoff 
theorem in 4D the Schwarzschild solution is no more 
unique in this kind of theories [25j . In fact, when we 
go up from 4D to 5D in a theory of the type of general 
relativity, the Birkoff theorem is no more valid 0 - 
Thus, we expect to find more spherically symmetric 
solutions in a f^R) theory of gravity than on its analog 
in 4D. 


















3 


With this idea in mind let us study maximally symme¬ 
tric solutions in the theory prescribed by the action (Bi¬ 
as it is well-known a maximally symmetric solution is 
characterized by a constant Ricci scalar, in this case by 
R = ^R 0 . Hence the trace expression m yields 

fA (5) R o) (5) #o - lf( i5) Ro) = *B {5) T. (9) 


metric function. 

Now, let us assume that the 5D spacetime can be fo¬ 
liated by a family of hypersurfaces, generically defined 
by Hi : l = l(x^). Hence, we can consider for exam¬ 
ple a constant foliation : l = Iq or a dynamical one 
E t : l = l(t). Thus, the 4D line element induced on every 
hypersurface E; is given by 


The field equations © for constant scalar curvature 
spaces reduces to 

fM (5) R o) (5) Rab ~ lf( i5) R 0 )9ab = 4 ] T ab . 

A combination of © and m leads to 

(5) K 5 {5) R 0 {5) Tab + § f( {5) Ro) {5) Rogab 

ab k 5 (5) ? 1 + |/( ( 5 ) -Ro) 

For traceless 5D matter fields, the equation m leads to 

(5) Rab = Ke//5 (5> Ta b + ^ 5) R 0 9ab, (12) 

where «e //5 = [2K 5 ^R 0 }/[5f(^R 0 )}. These are the 
field equations of braneworld scenarios with traceless 5D 
energy-momentum tensor and a 5D cosmological con¬ 
stant term. 

In the absence of matter sources ^T a b = 0, the expres¬ 
sion m becomes 

{5) Rab = l (5) R09ab, (13) 

5 

which for = 0 correspond to the 5D held equations 
of the induced matter theory of gravity 0]. When 
{5) Ro > 0 it describes a De-Sitter spacetime, but when 
{5) Ro < 0 this space corresponds to an Anti-De-Sitter 
spacetime, which is the one employed for example in 
Randall-Sundrum models 00- 

In summary, we can say in a fashion that both the Held 
equations of the induced matter theory and the ones of 
some braneworld models can be obtained from a f(^R) 
theory of gravity as particular maximally symmetric so¬ 
lutions. 


( 10 ) 

( 11 ) 


III. THE INDUCED 4D FIELD EQUATIONS 


dSl = h^ v {x a )dx^dx v , (15) 


where h llu (x a ) = g^{x 17 ,1) | Ej is the 4D induced metric 
tensor. 

Some useful quantities and operators in order to imple¬ 
ment the dimensional reduction from 5D to 4D, can be 
expressed in their (4+1) form as 




RfiRuf ,r T 


VlVlf,R 

{5) Of,R = □/,*- 


★* d> ★ 

/,* + £$ (V a <S>) (V a f, R )--f, R , 


(M) {v a f, R ) 


6 

i >2 



4> 

/ 

* \ 


★* 



* 

f,R + 

2^9^ ~ 

5 ) 

f,R 


{5) R = 


$ 


D e 

$ + 2 $2 I 9, 


X(T * * rv R* * i 

~^~9 9fi\ 9c tv 7)9 9a^9fiu ) ? 


i5) Rn = 


-£$□$ — -g g a0 — -g al3 g a p + - — g al3 g 0 


(16) 

(17) 

(18) 


(19) 


( 20 ) 


where is denoting the 4D covariant derivative and 
□ = is the 4D D’Alambertian operator. Thus, 

with the help of (fTCl) to (BUI) the gv and ll components 
of the Held equations © can be combined to obtain on 
4D hypersurfaces 


fA {5) R) R„u - g. f( {5) R)g „„ - (z>„x>„ - □)/+( ( 5 ) -R) 


= « 5 {5 ) t, 


fiiy 


+ «4 /+( (5) ^)' 


\ivi 


(21) 


where the matter tensor is defined by EM3 


We are now in position to derive the 4D field equations 
induced from the 5D dynamics. In order to do so, we 
choose a 5D coordinate chart in which the 5D line element 


= K4Tli M) + 


e 9nvf ,r 
2$ 2 


/, 


R 


9n v 


(Z>a$) (X>“/,Jt) 




can be written as 



" ★★ 

/ * \ 

A 


dSf = g a p(x a , l)dx a dx 13 + eA(x a , l)dl 2 , 


e 9/n' 

f,R 


f,R 

1 

- jSV 

(14) 

$2 

f.R + 

f,R 


Act * 

9 9\o 


where e = ±1 accounts for the signature of the extra 
non-compact coordinate l and ^(x a ,l) is a well-behaved 


+ 


(g Xa 9x« 


) 


2 " 


( 22 ) 
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being T the energy-momentum tensor for geometri- derived from the 5D one described by the action (JTJ). 
cally induced matter, that was first introduced in the 

Wesson’s induced matter theory [l2j , which is given by For example, for the line element 


rr(IM) _ e 


(j) ★ ★★ ^ ★ ★ 

2^2 } ^^ 7 ^ ^ h h n \ his at 


1 * ★ | 

2^ hotph^v 


h K 0 + (h ap h aP f 


■ (23) 


ds\ = J [di 2 — a 2 {t)5ijdx l dx^ — $>(t) 2 dl 2 , (27) 
the extrinsic scalar curvature parameter E(x a ) reads 


In order to evaluate the f(^R) terms in (12T1) on the 4D 
hypersurface E;, we express the 5D Ricci scalar curvature 
as a function of its analog 4D in the form OMl 


(5)i? = Wr - ™ + J_ f -g^l uu - gl^g iiv 


+9^9 / " x 9^9c tv - \g^9^9 a p9^ 


(24) 


which can also be written in terms of the extrinsic curva¬ 
ture tensor K a p as: R— (K^K^ — K 2 ), with 

K = h a Pk a p. Thus, using (HH1) the field equations OTT) 
on the 4D spacetime E i read 


E(t) = 2 


$ 4> 2a(5a — 2) 

$ $ /2$2 


(28) 


Thus, on our 4D spacetime Eo : l = Iq the effective scalar 
field is given by 


(p(t) = 2 


$ , orr $ 2a(5a — 2) 
$ / 2 $ 2 


(29) 


Hence, if we consider for example a f(^R) R+ 
in 4D the induced effective F(^R,ip) has the form 


F{^R, <p) = ^R + f(t) + 


b(t) 


( 4 )i? + tf(t) 


(30) 


F'( (4) R, f)R^ - ^F( WR, f)h^ v - 

-h^n] F'( (4) i?, f) = KiSfiv + k 4 F'( (4) R, f)T^, 

(25) 

where the prime is denoting derivative with respect to 
( 4 (R, the function F(^R,tp) = f[^R = ^R + E]\^ is 
the induced function of the 4D Ricci scalar, k, 4 S iiu = 
[« 5 - g^i^u - (e$ 2 /3) (5) T))]| Si and f(x a ) = 
E(x a ,l) (s,, being the extrinsic scalar curvature parame¬ 
ter E defined by 


= + 

l av - \9^9 aP g a f39^ ■ ( 26 ) 

The field equations E5l) describe a new type of F(^R, f) 
theory where a matter coupling of the form F't^ v is 
present. When the parameter E(x a ) depends only of the 
extra coordinate, the effective scalar field <p becomes a 
constant, and in this case the F(^R,if) transforms into 
a Ff 4 Ri) theory with the same matter coupling. As we 
will see in a forthcoming example, when the parameter 
E has only time dependence, the F(^R } if) resulting 
theory can be interpreted as an effective modified gravity 
theory with dynamical coefficients. If a 5D vacuum is 
considered, then the sources of matter are exclusively 
induced by the 5D geometry of the theory. Notice that 
the modified gravity theory described by the equations 
(l?5l) is in fact an effective theory, in the sense that it is 


This F(^R, ip) can be interpreted as a F(^R) modified 
gravity theory with dynamical coefficients, similar to the 
one proposed in 0- As it was shown in [l 4| , this kind 
of models are very useful to describe the dark energy 
dominance epoch in the evolution of the universe. A 
remarkable difference between the models in [Til and 
the example given by (l30l) relies in the form of the field 
equations. Moreover, in here the scalar field f is not 
a dynamical coefficient introduced apriori, instead it is 
determined by the 5D geometry. 

Now, let us to give another application. If we con¬ 
sider for example a 5D line element of a warped product 
spacetime 

ds 2 = e 2A ® [dt 2 — a 2 (t)6ijdx l dxd] — dl 2 , (31) 

in this case the extrinsic scalar curvature parameter 
E(x a ) results 


E(l) 


-4 2A + 5A 


(32) 


Evaluating (l32l) on the 4D hypersurface E 0 : l = lo, the 
effective scalar field has the expression 


if{l 0 ) = - 4 


** * 2 ' 
2A + 5A 


l=lo 


(33) 


which clearly is a constant. Therefore, the effective 
F(^R,(f) effective theory becomes a matter coupled 
F(( 4 )R) modified gravity theory in this case. 
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Now, returning to the non-diagonal components of the 
field equations EJ, the components pi of the field equa¬ 
tions m can be written as 


{$>f, R )V a V* 

where 


(S)/^ , J- Q 

K5- T/j,i + —g 


r 9a lt f,RR R .*-^rf,R+f 


,RrF,V 
(34) 



( 


★ 

9a \3 ~ 9ct/3g 


III/ 


3m 



(35) 


A similar equation to (1341) is obtained in the induced ma¬ 
tter theory of gravity [13|. In that theory the analogous 
expression is 


V a v« = 0. (36) 

The conservation like equation (1361) can be recovered 
from © when we consider f{^R) = in vacuum 
i.e. without any sources of matter in 5D. 


A. Dolgov-Kawasaki instability criterion for the 
effective F(^R, ip) theory 

In order to study the Dolgov-Kawasaki instability 
in the matter sector of the effective F(^R,<p) theory 
induced from a f(^R) gravity theory, we will proceed 
as follows. 

The trace of the field equations E5l) leads to 

3DF' + F' (4 lR -2F = k 4 S + k 4 F't , (37) 

being S = and r = h^ v T^ v . Now, deviations 

from Einstein’s general relativity of our F(^R,p) are 
described by the expression 


E( (4) i?, if) = (4) R + c tZ(WR , f), (38) 

where a is a small parameter with [ length ]~ 2 units. Em¬ 
ploying (1551) the trace equation © yields 

□ Wr + Wrv^ Wr + -L^V^ifV^if 

3ct dZ’ (aZ'-2)^R ( S + aZ'r) 2 Z 

+ Z^^ 0lf + - 3aZ" - = K4 3aZ" + 3Z 

(39) 

In the weak held regime we can use the approximation 

h a p = r) a p + J a p, (4) i? = R b + Ri, (40) 

where ri a p is the 4D Minkowsky metric, ^f a p is a fluctua¬ 
tion of the metric with respect to the Minkowsky back¬ 
ground, \R\/Rb\ <C 1 and Rb = —k a (S + F't). Using 


(l40l) . the equation (l39l) . to hrst order in i?i, reads 


- - 2k. a Z"' • • 2k a Z'‘ 

i?i-V 2 I?i- L-SRi- 4 


Z" 


Z" 


( Z't + Z'f) 


Ri 


2kaZ -VS • Vi?i + 2K4 5 {VZ't + Z'Vt) ■ Vfli 


+ 


Z>‘ 

1 /I 


— — Z')Ri + 


Z" 

1 d 2 Z' 


mll _ 3ct dZ' 
VpV li p + — — Dip 


Z" df 2 r ^ ' z" dp 


3 Z" \(t 

«4 S + hi 4.(7 {z't + 2 Z't + Z't^J — k a [V 2 ^ 

k 4 (S + cr Z't) Z' Z 

3Z" 3Z" 


+V 2 (ctZ't)\ - 


- ^ 77 - ( 41 ) 


Clearly the effective mass term is dominated by the factor 
3<rZ" and then the theory is stable only if F" > 0. 


IV. FINAL COMMENTS 

In this letter we have discussed some implications of 
considering a 5D gravity governed by a f(^R) theory 
on spacetimes with a non-compact spacelike fifth extra 
coordinate. In this theoretical setting our 4D universe is 
described by a generic hypersurface £;, embedded into 
the 5D spacetime. Applying a dimensional reduction 
mechanism we obtain on £; a set of induced 4D held 
equations that describe a F(^R,ip) modihed gravity 
theory which exhibits a matter coupling term of the 
form: k a F'{ ( 4 (R, p)t^ v . This coupling is different from 
the one in BBHL theory. If we consider a 5D vacuum 
T a b = 0), matter sources in our 4D universe are 
induced geometrically by the 5D geometry in a similar 
manner as it is done in the Wesson’s induced matter 
theory. 

In general in a BBHL theory, in order to recover the 
Einstein-Hilbert action it is necessary to specify the 
two functions of the scalar curvature as: fi{R) = R 
and f 2 (R) = 1. In our case it is sufficient to hx 
f(^R) = ^R on a warped product metric background 
for example and automatically F(( 4l R. p) = + p 0 

and F\^R,p) = 1, resulting the held equations (l25l) 
in the general relativity equations. Thus the matter 
coupling term is governed by the same F(^R, tp), 
instead to hx two different functions as in the case of 
BBHL theory. The Dolgov-Kawasaki instability criterion 
of both the f(^R) theory and the effective F(^R,<p) 
continus being the same than in usual f{R) theories: 
I,rr(^R) > 0 and E"(( 4 lR, tp) > 0. 

When the effective scalar held <p becomes only time 
dependent, the resulting F(^R,p) theory can be inter¬ 
preted as a modihed gravity theory with dynamical coe¬ 
fficients. The main difference with respect to this kind of 
models in the literature relies on it dynamical equations 
(US]). According to [l4[, this kind of models may be vi¬ 
able to explain the present accelerated expansion of the 
universe. The study of this cosmological solutions of the 
effective F(^>R, p) theory will be matter of future work. 
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